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Abstract
With the introduction of a new parameter n, Kim recently generalized an upper bound for the exponential function that implies the
inequality between the arithmetic and geometric means. In this paper, we answer some of Kim’s conjectures about the inequalities
between Kim’s generalized upper bound and the original one. We also see the validity of Kim’s generalization for some further
negative values of x for the case in which the n is rational with both numerator and denominator odd. The range of its validity for
negative x is investigated through the study of the zero distribution of a certain family of quadrinomials.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
In Section 4.2 of the classical treatise [1] the inequality between the arithmetic and geometric means is deduced
from
1 + x  ex.
This is the proof of “Pólya’s dream” [5]. With a change of variable this can be rewritten as
ex  1
1 − x (1.1)
for x < 1. Kim [3] established the following generalization of which (1.1) is the case n = 1. For convenience, we let
U(n,x) = 1 − 1
n
+ 1
n
(1 + (1 − 1
n
)x
1 − x
n
)n
.
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− n
n − 1 < x < n,
we have
ex U(n,x)
with equality if and only if x = 0. Moreover, for 0 x < 1 and 1 n 2 we have
ex U(n,x) 1
1 − x ,
and for x < 0 and 0 < n 1 we have
ex  1
1 − x U(n,x).
Here U(n,x) is smoothly and densely algebraic in n, and improves previous tight bounds [2] and [4]. For the
details, see [3]. The change of variable given by replacing x with
n(x − 1)
n + x − 1
plays an important role here. In fact, it is immediate that the first part of Theorem 1.1 is equivalent to
Theorem 1.2. For real n 1 and x > 0 we have
exp
(
n(x − 1)
n + x − 1
)
 n − 1 + x
n
n
(1.2)
with equality if and only if x = 1.
The second part of Theorem 1.1 is the examination of the inequalities between (1−x)−1 and U(n,x). It is possible
that the U(n,x) (1 − x)−1 inequality for 1 n 2 can be strengthened to an inequality between the corresponding
power series coefficients. In fact, Kim made a stronger conjecture in Section 3 of [3]:
1
n − 1
(
U(n,x) − (1 − x)−1)=
∞∑
k=2
Pk(n)x
k
k!nk−1 ,
where
(1) each Pk(n) for k  4 is a monic polynomial of degree 2k − 3,
(2) each Pk(n) for k  4 has a unique real root rk that exceeds the real part of every other root of Pk(n), and
0 < rk+1 − rk < 1 and limk→∞(rk+1 − rk) = 1,
(3) k! divides Pk(2).
In this paper, we will resolve (1) and (3) of the conjecture above, and see the validity of (1.2) for some further
negative values of x for the case in which the n of Theorem 1.2 is rational with both numerator and denominator odd.
In fact we shall prove Theorems 1.3 and 1.4 below in Sections 2 and 3, respectively.
Theorem 1.3. For n 2,
Pk(n) = (k − 1)! n
k−1
n − 1
((
n + k − 1
k − 1
)
− k
)
+ (k − 1)!
k−1∑
j=1
(−1)j
(
k
j
)(
n + k − j − 1
k − j − 1
)
nk−j−1(n − 1)j−1,
where
(
z
j
) = 1
j !z(z − 1)(z − 2) · · · (z − j + 1). Thus Pk(n) is a monic polynomial of degree 2k − 3. Moreover, for
n ∈ Z,
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and
Pk(2) = k!
(
k − 2k−1).
Theorem 1.4. Let n = p/q be a rational number, where p and q are odd integers with p > q > 0. Then, for p > 2q ,
(1.2) holds for all
x > −1, (1.3)
and for p < 2q , (1.2) holds for all
x >
(
1 − p
q
)1/q
, (1.4)
where, in (1.4), the negative real roots are understood.
2. Proof of Theorem 1.3
Let
g(x) = 1
n − 1
(
U(n,x) − (1 − x)−1)=
∞∑
k=2
Pk(n)x
k
k!nk−1
and
f (x) = (n − 1)g(x) = U(n,x) − (1 − x)−1.
Using induction on k, one can show that
f (k)(x) = n2 · (n + x(n − 1))
n−k
(n − x)n+k δk−1(n, x) − k!(1 − x)
−(k+1),
where δ0(n, x) = 1 and
δk(n, x) = δk−1(n, x)
(
n
(
n2 − kn + 2k)+ 2k(n − 1)x)+ δ′k−1(n, x)(n − x)(n + x(n − 1)). (2.1)
Here δ′k−1(n, x) is a differentiation with respect to x. In particular,
δk(n,0) = δk−1(n,0)n
(
n2 − kn + 2k)+ δ′k−1(n,0)n2.
Thus
f (k)(0) = δk−1(n,0)
n2k−2
− k!,
g(k)(0) = 1
n − 1f
(k)(0) = 1
n − 1
(
δk−1(n,0)
n2k−2
− k!
)
,
and
Pk(n) = nk−1g(k)(0) = 1
n − 1
(
δk−1(n,0)
nk−1
− nk−1k!
)
. (2.2)
In the following lemma, we find a definite form of the recursively defined function δk(n, x).
Lemma 2.1. For n 2,
δk(n, x) = k!
k∑
j=0
(
k + 1
j
)(
n + k − j
k − j
)
n2(k−j)(n − 1)j (x − n)j .
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of (2.1). Note that
n
(
n2 − kn + 2k)+ 2k(n − 1)x = n3 + kn2 + 2k(n − 1)(x − n)
and
(n − x)(n + x(n − 1))= −(n − 1)(x − n)2 − n2(x − n).
Hence we have
δk−1(n, x)
(
n
(
n2 − kn + 2k)+ 2k(n − 1)x)+ δ′k−1(n, x)(n − x)(n + x(n − 1))
= (k − 1)!
k−1∑
j=0
(
k
j
)(
n + k − j − 1
k − j − 1
)
n2(k−j−1)(n − 1)j (x − n)j
× (n3 + kn2 + 2k(n − 1)(x − n) − j (n − 1)(x − n) − jn2)
= (k − 1)!
k∑
j=1
(
k
j − 1
)(
n + k − j
k − j
)
n2(k−j)(2k − j + 1)(n − 1)j (x − n)j
+ (k − 1)!
k−1∑
j=0
(
k
j
)(
n + k − j − 1
k − j − 1
)
n2(k−j)(n + k − j)(n − 1)j (x − n)j
= k!
k∑
j=0
(
k + 1
j
)(
n + k − j
k − j
)
n2(k−j)(n − 1)j (x − n)j = δk(n, x).
This completes the proof. 
We are now ready to prove Theorem 1.3. Using (2.2) and Lemma 2.1 with x = 0, we obtain
Pk(n) = (k − 1)! n
k−1
n − 1
((
n + k − 1
k − 1
)
− k
)
+ (k − 1)!
k−1∑
j=1
(−1)j
(
k
j
)(
n + k − j − 1
k − j − 1
)
nk−j−1(n − 1)j−1.
In the second term, we have polynomials in n of degree 2k − j − 3 where 1 j  k − 1. Since λ(n) := (n+k−1
k−1
)− k
is a polynomial in n of degree k − 1 with λ(1) = 0, the first term of Pk(n) has degree 2k − 3. Thus Pk(n) is a
monic polynomial of degree 2k − 3. Furthermore, it is obvious that (k − 1)! | (n − 1)Pk(n) because every binomial
coefficient in Pk(n) is an integer when n (n  2) is an integer. Finally, we prove the formula for Pk(2). Taking the
second derivative of both sides of the identity x(x − 1)k =∑kj=0 (kj)(−1)k−j xj+1, we have
2k(x − 1)k−1 + k(k − 1)x(x − 1)k−2 =
k∑
j=1
(
k
j
)
j (j + 1)(−1)k−j xj−1.
Now, we can put this identity with x = 2 into the calculation of Pk(2):
Pk(2)
(k − 1)! = 2
k−2(k2 − k)+
k−1∑
j=1
(−1)j
(
k
j
)(
k − j + 1
2
)
2k−j−1
= 2k−2(k2 − k)+ 1
2
k∑
j=1
(
k
j
)
j (j + 1)(−1)k−j 2j−1 − k(k + 1)2k−2
= 2k−2(k2 − k)+ k2 − k(k + 1)2k−2 = k(k − 2k−1).
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We observe that (1.2) is equivalent to
g(x) := n(x − 1)
n + x − 1  log
(
n − 1 + xn
n
)
=: f (x) (3.1)
and
x > (1 − n)1/n (3.2)
because
n − 1 + xn
n
> 0.
Since both sides of (3.1) are zero when x = 1 we may apply the following lemma (proof omitted) to reduce it to an
inequality not involving transcendental functions.
Lemma 3.1. Let f (x) and g(x) be differentiable functions on a finite or infinite interval I containing 1 such that
f (1) = g(1), and such that g′(x) f ′(x) for x < 1 and g′(x) f ′(x) for x > 1. Then g(x) f (x).
Now
g′(x) = n
2
(n − 1 + x)2 and f
′(x) = nx
n−1
n − 1 + xn .
Replace n by p/q where p and q are odd integers with p > q > 0. From (3.2), we have
x >
(
1 − p
q
)q/p
.
The change of variable x by xq takes (−1,0) to (−1,0), and ((1 − p/q)1/p,0) to (1 − p/q,0) since p is odd. To
verify the hypothesis of Lemma 3.1 we need to show that H(x) has the same sign as (x − 1), where
H(x) := H(p,q, x) := f ′(x) − g′(x) = px
p−q
p + q(xp − 1) −
p2
(p + q(xq − 1))2
= pK(x)
(p − q + qxp)(p − q + qxq)2
and
K(x) = q2(xp+q − xp)+ q(p − q)(xp − xp−q)+ p(p − q)(xp−q − 1).
Theorem 1.2 was proved by showing H(x)(x − 1) > 0 for x > 0 and p > q > 0 in [3]. In this proof we shall obtain
negative values x with H(x)(x − 1) > 0. We first consider the case p > 2q . Then we observe that
(
1 − p
q
)q/p
< −1.
For −1 < x < 0, H(x) has the same sign as K(x) since
0 < p − 2q < p − q + qxp.
So we show that
K(x)(x − 1) > 0
for −1 < x < 0. From K(0) = −p(p−q) < 0, K(−1) = −2q(p−2q) < 0 and K(−1)−K(0) = (p−2q)2 +pq > 0,
it is enough to show that, for −1 < x < 0,
K ′(x) = xp−q−1T (xq),
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xp−q−1 < 0, T (−1) = p((p − 2q)2 + 2q2)> 0, T (0) > 0,
and the fact that the discriminant of T (x),
q2
(−p2 + 2q2)(3p2 − 4pq + 2q2),
is negative. In fact
3p2 − 4pq + 2q2 = 2(p − q)2 + p2 > 0
and
−p2 + 2q2 < −2q2 < 0.
This implies that K(x) < 0 on (−1,0), and (1.2) holds for all
x > −1.
It remains to consider the case p < 2q . Suppose that q < p < 2q . Then
−1 < 1 − p
q
< 0.
We observe that, for x > (1 − p/q)1/p , H(x) has the same sign as K(x), and
1 − p
q
>
(
1 − p
q
)1/p
.
Since T (xq) > 0 for x < 0, K(x) is decreasing on the interval (−1,0). Also K(−1) > 0, K(0) < 0 and it is easily
checked that
K
(
1 − p
q
)
= −p(p − q) +
(
1 − p
q
)p−q
(p − q)2 +
(
1 − p
q
)p
(p − 2q)q +
(
1 − p
q
)p+q
q2,
which is negative because this is
< −p(p − q) +
(
1 − p
q
)p
(p − 2q)q +
(
1 − p
q
)p−q(
(p − q)2 + q2)
< −p(p − q) +
(
1 − p
q
)
(p − 2q)q +
(
1 − p
q
)p−q(
(p − q)2 + q2)
= −2(p − q)2 +
(
1 − p
q
)p−q(
(p − q)2 + q2)
= −
(
1 −
(
1 − p
q
)p−q)
(p − q)2 −
(
(p − q)2 −
(
1 − p
q
)p−q
q2
)
= −
(
1 −
(
1 − p
q
)p−q)
(p − q)2 − q2
((
1 − p
q
)2
−
(
1 − p
q
)p−q)
< 0.
This implies that there is no zero of K(x) on the interval
I :=
((
1 − p
q
)
,0
)
.
Hence K(x)(x − 1) > 0 on the interval I . Now the change of variable that replaces x by x1/p completes the proof.
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